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Abstract— In the recent years, Neural Networks  have found many successful applications in image processing, pattern 

classification, signal processing, associative memories, fixed point computation and so on. This paper mainly focuses on Delay 

decomposing approach which is used to derive the stability criteria of neural networks. 
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I. INTRODUCTION 

In the past few decades, considerable attention has been paid to the study of dynamics behavior of neural networks due 

to their wide applications in the real world. In any Neural Network, the neurons are grouped together into layers. Data is fed 

through the input layer, processed by one or several hidden layers and finally the network provides the output through the 

output layer. 

In recent year, many works focused on the application of delay-partitioning approach to deal with the stability analysis 

for continuous-time NNs with delay. By utilizing different free-weighting matrices in two delay subintervals, a piecewise delay 

method has been proposed for the stability analysis of delayed NNs. Delay decomposition approach deals with stability issue.  

Stability 

In 1892, Lyapunov introduced the concept of stability of a dynamic system.  Stability means insensitivity of the state 

of the system to small changes in the initial state or the parameters of the system. In mathematics, stability theory addresses the 

stability of solutions of differential equations and of trajectories of dynamical systems under small perturbations of initial 

conditions. Stability means that the trajectories do not change too much under small perturbations. 

Neural Network 

Neural Network is an information processing paradigm that is inspired by the way biological nervous systems, such as 

the brain, process information. The key element of this paradigm is the novel structure of the information processing system. It 

is composed of a large number of highly interconnected processing elements (neurons) working in unison to solve specific 

problems. Neural Network is configured for a specific application, such as pattern recognition or data classification, through a 

learning process. Learning in biological systems involves adjustments to the synaptic connections that exist between the 

neurons. 
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Neural networks have been investigated by many researchers because of their various applications in the real world. 

The various applications ranges from over load frequency control in optimization, signal processing, power systems, pattern 

recognition, parallel computing, finance, associative memories, mechanics of structures and materials, smart antenna arrays and 

other scientific areas. Consequently neural networks play vital roles in many practical systems. Since the key feature of these 

applications with neural networks is that the equilibrium points of the designed network are stable, stability analysis of neural 

network is a prerequisite and an important work. 

  But time-delays are frequently encountered in the implementation of neural networks as well as in many fields of 

science and engineering, including physics, large-scale systems, complex networks, population dynamics, biology, economy, 

etc. Therefore, the stability analysis of neural networks with time delay has been extensively studied and lots of papers have 

derived various kinds of criteria for the stability problem. 

Delay Decomposition Approach 

As we know, in order to reduce conservatism of the stability criteria, many approaches were developed; for example, 

by using free-weighting matrices, present some stability conditions for systems with interval time-varying delays. Very recently, 

some less conservative stability criteria with lower computational burden than relative references have been proposed based on 

the delay-partitioning method is divide the variation interval of the time delay into some equidistant subintervals to obtain more 

information of the delay. However, when the delay portioning number increases, derived conditions become more complicated 

and computational burden grows bigger.  

i. Lyapunov-Krasovskii functional 

Moreover, in Lyapunov-Krasovskii functional with fewer matrix variables whose derivative is estimated using the 

convex analysis method, a simple stability criterion was obtained; this result is improved by using the reciprocally convex 

approach. New classes of Lyapunov-Krasovskii functionals and augmented Lyapunov-Krasovskii functionals were introduced, 

where some multi-integral terms were introduced in Lyapunov-Krasovskii functionals. In combining with a decomposition 

approach, the upper bound of the derivative of Lyapunov-Krasovskii functional was estimated tightly and new stability results 

were obtained. It has been shown that these new methods can be applied efficiently to derive less conservative stability results 

for systems with interval time varying delay. 

 The idea of the delay decomposition approach is that the delay interval is uniformly divided into N segments with N a 

positive integer, and a proper Lyapunov-Krasovskii functional is chosen with different weighted matrices corresponding to 

different segments in the Lyapunov-Krasovskii functional. 

ii. Stability of neural network with time-varying delay 

The existence of time delay may cause oscillations and instability in neural networks. Therefore, the stability analysis 

of neural networks with time delay is an important issue. The criteria for such systems can be classified into two categories, 

namely, delay-independent criteria and delay-dependent criteria. Generally speaking, the former cases tend to be conservative 

especially for small delays. Recently, various approaches have been proposed to obtain stability criteria for time-delay neural 

networks. Some sufficient conditions for global stability of neural networks have been provided, yet only constant delays are 

allowed in their results. But in practice, time-delay is usually time-varying, which can even largely change the dynamics of 

system in some cases. Therefore, the stability of neural networks with time varying delays has become more interesting than 

that of networks with constant time delays. 
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Although stability criteria for neural networks with time-varying delay were derived, the constraint h˙(t) < 1 on time-

varying delay was imposed. Such a restriction is very conservative and has physical limitations. Recently, a new method 

proposed for dealing with time-delay systems, which employs free weighting matrices to express the relationships between the 

terms in the Leibniz–Newton formula, and all the negative terms in the derivative of the Lyapunov functional are retained. This 

approach avoids the restriction on the derivative of a time-varying delay. Moreover, by dividing the delay interval into multiple 

segments and choosing proper functions with different weighted matrices corresponding to different segments, a novel delay-

dependent stability criterion is derived.  

Future Research Areas on Neural Networks 

 The future research areas on NNs are summarized below. 

 Novel mathematical methods are to be identified to decrease the conservatism in the existing stability results while 

keeping a reasonably low computational complexity. It may leads to the development of other disciplines, such as 

applied mathematics, computational mathematics, and mechanics.  

 How to establish necessary and sufficient stability conditions for delayed recurrent neural networks with more neurons 

is still an open problem. For the case of constant time delay, a necessary and sufficient stability result has been 

proposed only for recurrent neural networks with two neurons. Moreover, how to obtain the approximate necessary and 

sufficient stability conditions is also meaningful in the development of neural network theory. 

 In addition to the global stability property, how to establish the stability criteria for multiple equilibrium points of 

recurrent neural networks still needs more efforts. In general, global stability property is related to optimization 

problems, while the multiple stability is related to associative memories. In the applications of image recognition, data 

classification, and information processing, multiple stability may play an important role.  

 How to balance the computational complexity and the efficiency of stability results needs to be investigated. At 

present, the conservativeness of stability results are reduced at the expense of complex expressions of stability results, 

which involves too many parameters to be determined. How to reduce the redundancy of some of the slack variables in 

LMI-based stability conditions needs to be further investigated. 

 Considering the complexity of the internal and external factors of neural networks, some new features must be 

incorporated into the existing network models, for example, the internal elasticity connections an d spike effects, the 

external stochastic fields, switching, impulse, and so on. These factors may have direct effects on neural networks, 

which are especially challenging for the study of stability problems. 

CONCLUSION 

As, time delays as a source of instability the  poor performance often appear in many neural networks such as Hopfield 

neural networks, cellular neural networks, Cohen–Grossberg neural networks and bidirectional associative memory neural 

networks. Therefore, the stability analysis for delayed neural networks has received substantial attention in recent years. In 

general, studying the dynamical behavior of delayed neural networks can be classified into two types: delay-independent 

stability and delay-dependent stability. It is well known that delay-dependent stability criteria are less conservative than delay-

independent ones when the sizes of time-delays are small. This paper has investigated on delay decomposing approaches to 

stability criteria for neural networks. Based on the delay decomposition approach combination with the integral inequality and 

reciprocally convex technique, several new stability criteria have been derived by applying appropriate Lyapunov-Krasovskii 
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functionals with sub-intervals. The merit of the stability criteria lies in the significant less conservativeness and lower 

computational complexity than some existing ones were referred in the recent researches.  
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