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Abstract— The Taylor series method is one of the earliest analytic-numeric algorithms for approximate solution of 

initial value problems for ordinary differential equations. In practical applications, an engineer would finally obtain results 

in numerical form. A variation of the direct Taylor expansion algorithm is suggested and applied to several linear and 

nonlinear differential equations of interest in physics and engineering, and the results are compared with those obtained 

from other algorithms. It is shown that the suggested algorithm competes strongly with other existing algorithms, both in 

accuracy and ease of application, while demanding a shorter computation time. 
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I. INTRODUCTION 
 

In practical applications, an engineer would finally obtain results in a numerical form. The Taylor series method is one 

of the earliest analytic-numeric algorithms for approximate solution of initial value problems for ordinary differential 

equations. For example, from a set of tabulated data derived from an experiment, inferences may have to be drawn; or, a 

system of linear algebraic equations is to be solved. The aim of numerical analysis is to provide efficient methods for 

obtaining numerical answers to such problems [1]. With the advent of high speed personal computers and workstations 

and the decrease of the cost of computer resources in general, numerical methods and computer simulation have become 

an integral part of the scientific method and a third approach to the study of physical problems, in addition to theoretical 

and experimental methods. 

II. LITERATE REVIEW 
 

Differential transform method (DTM) [12] which is based on the Taylor series expansion was first proposed by Zhou [2] 

in 1986 for the solution of linear and nonlinear initial-value problems that appear in electrical circuits. This method obtains 

solution in the form of a polynomial. Recently, a great deal of effort has been done to apply this method for solving 

different types of differential equations [4,5], integral equation [5], partial differential equations of fractional order [6] , 

integrodifferential equations [7,8] , linear and nonlinear optimal control problems [10,11] , and so on. The main drawback 

of this type of methods is in calculating of transform function for some type of nonlinearities such as exponential function. 

 

III. TAYLOR METHOD 
 

The differential transform of the kth derivative of the function u(t) is defined as follows: 

  (1) 

where u(t) is analytic and differentiated continuously with respect to t in the domain of interest and U(k) is the transformed 

function, which is called the T-function in brief. The inverse differential transform of U(k) is defined as 
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    (2) 

From Eqs. (1) and (2), we get 

   (3) 

 

which implies that the concept of differential transform is derived from Taylor series expansion, but the method does not 

evaluate the derivatives symbolically. In real applications, the function u(t) is expressed by a finite series and Eq. (2) can be 

written as 

      (4) 

Let u(t),v(t), and w(t) be functions of time t and U(k), V(k), and W(k) are their corresponding differential transforms. Then, 

for the constant a and the nonnegative integer m, the following holds 

 If w(t) = u(t) ± v(t), then W(k) = U(k) ± V(k). 

 If w(t) = au(t), then W(k) = aU(k). 

 If w(t) = u(t)v(t), then  

Following two notes are important in the development of Taylor-type iterative methods for solving ordinary differential 

equations. 

 

Note 1: The DTM is not a method to solve an ordinary differential equation (ODE) but only an iterative method for 

calculating the Taylor series of the solution of an initial-value problem for an ODE. 

 

Note 2: Actually, the iterative method of the DTM has already been used for a while, by the TraditionalTaylor series 

method users which have even better developed the method [13, 14, 15]. 

 

3.1 Traditional Taylor Series Method 

 

Consider the one dimensional initial value problem  

y' = f(x, y),   y(x0) = y0                    (5) 

Where   

f is a function of two variables x and y and (x0 , y0) is a known point on the solution curve.  

 

If the existence of all higher order partial derivatives is assumed for y at x = x0, then by Taylor series the value of y at 

any neighbouring point x+h can be written as   

 

y(x0+h) = y(x0) + h y'(x0) + h2 /2 y''(x0) + h3/3! y'''(x0) +  .  .  .  .  .  .    (6) 

 

where ' represents the derivative with respect to x.  Since at x0, y0 is known,  y' at x0 can be found by computing f(x0, y0).  

Similarly higher derivatives of y at x0 also can be computed by making use of the relation y’  = f(x,y)   

 

 y''  = fx + fyy'                                    (7) 

      y''' = fxx + 2fxyy' + fyy y'2 + fyy''         (8) 

and so on.   Then   

 

y(x0+h) = y(x0) + h f + h2  ( fx + fyy' ) / 2! + h3 ( fxx + 2fxyy' + fyy y'2 + fyy'' ) / 3! + o(h4)    (9) 
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Hence the value of y at any neighbouring point  x0+ h  can be obtained by summing  the above infinite series.   However, 

in any practical computation, the summation has to be terminated after some finite number of terms.  If the series has 

been terminated after the pth derivative term then the approximated formula is called the Taylor series approximation to y 

of order p and the error is of order p+1.  The same can be repeated to obtain y at other points of x in the interval [x0, xn] in 

a marching process.   

 

Algorithm  

Specify  x0, xn, y0, h  

               ( (x0, y0) Initial point,   

                                   xn point where the solution is required   

                  h  the step length to be used in the marching process )  

Repeat  

    compute f(xi, yi),  f'(xi, yi),  f''(xi, yi)  . . .  

    compute y(xi+h) = y(xi) + h f(xi, yi) + h2 /2 f'(xi, yi) + h3/3! f''(xi, yi) + . . .  

    xi = xi + h  

until xi = xn 

 

3.1.1 Error in the approximation  

The Taylor series method of order p has the property that the final global error is of order o(hp+1); hence p can be chosen as 

large as necessary to make the error is as small as desired.  If the order p is fixed, it is theoretically possible to a priori 

determine the size of h so that the final global error will be as small as desired.  

Ep    = (1/p+1)! hp+1 yp+1(x+qh) 
 0 < q < 1

(12) 

Making use of finite differences, the p+1th derivative of y at x+qh can be approximated as 

           (13) 

However, in practice one usually computes two sets of approximations using step sizes h and h/2 and compares the 

solutions  

For p = 4, E4 = c * h4 and the same with step size h/2,   E4 = c * (h/2)4, that is if the step size is halved the error is reduced 

by an order of 1/16. 

 

3.2 The new Taylor-Based method 

 

For illustration of the methodology of the proposed method, we consider the following differential equation 

S(u(t) = g(t)                        (14) 

 

Where S is a general nonlinear differential operator involving both linear and nonlinear terms, the linear term is 

decomposed into L + R, where L = is always invertible and R is the remainder of the linear operator. Therefore, 

(14) may be written as 

L(u(t)) + R(u(t)) + N(u(t)) = g(t)         (15)                

where N(u(t)) is the nonlinear term. Solving L(u(t)) from (15), we gets 

L(u(t)) = - R(u(t)) - N(u(t)) + g(t)                  (16) 

According to the DTM, we can construct the following iteration formula: 

(k + 1) (k + 2) ... (k + n) U(k + n) = - R(U(k)) - N(U(k)) + G(k)      (17) 

Where R(U(k)) , N(U(k)) and g(k)  are the transformations of the functions  R(u(t)), N(u(t)) and g(t) respectively. The 

differential transform components of R(u(t)),  and g(t) are computed by using their properties [16].  
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3.3 Theorem    

Suppose N(u(t)) is a nonlinear function, then the differential transform function of N(u(t)) is computed as follows    

N(U(k))=Dk(U(0), ..., U(k))    

where U(k) is the differential transform function of u(t) and the Dk’s are polynomials and can be calculated using the formula      

           (18) 

where (18) is a new class of polynomials for the purpose of solving nonlinear ODEs given in this paper. 

Proof: Let us consider the transformations of U in what follows 

            (19) 

Then, with the solution already written in the form of (19), one may introduce the following power series in terms of an 

arbitrary scalar parameter  

      (20)  

where the series has a convergence radius q. On the other hand, since 

   (21) 

From (20) and according to Maclaurin expansion of N(U) with respect to , we have 

           (21) 

Therefore, taking  = 1, we can decompose N(U) as a series with components Dk 

             (22) 
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where the Dk’s are the so called DT’s polynomials, which can be calculated using (18). Consequently, we obtain the 

differential transform function of N(u(t)) as follows 

N(U(k))=Dk(U(0), ..., U(k))    

Complete this proof.  

 

3.4 Test Problem 

In this section, we present three strongly nonlinear examples that demonstrate the performance and efficiency of the 

proposed 

method. 

Example: Consider the nonlinear initial-value problem (t  [0,1]) 

y”(t) = 2ey(t)               (23) 

y(0) = 0, y’(0) = 0 

By using the basic properties of differential transform method and taking the transform of equations in (23), we can obtain 

(k + 1) (k + 2) ... (k + n) Y(k + 2) = 2Dk(Y(0), ..., Y(k))  , k = 0, 1, 2, 3 ...       (24)  

Y(0) = Y(1) =0                                                                                                   (25) 

where the Dk is obtained from the DT’s polynomials for the nonlinear term ey(t). In the following, the differential transform 

components of N(y) = ey(t)  are computed by using DT’s polynomials. They can be written in the following form (for t0= 0) 

        (26)  

. 

. 

. 

Therefore, a combination of (24)–(26) results in 

    (26)  

From (4), the approximate solution is 

    (27)  
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Fig.1 Comparison between the new DTM and exact solution. 

 

That is similar to the result that obtained in [17] and the closed form y(t) = -2ln(cost). The results of the new scheme are 

plotted against the exact solution, in Fig. 1. Then, by computing ak’s for this problem, it is easy to see that the obtained 

solution is convergent. 

IV. CONCLUSION 
 

 In this work, a new class of polynomials is introduced based on differential transform method (which is a Taylor-type 

method in essence) for solving strongly nonlinear differential equations. The new DTM and DT’s polynomials 

simultaneously can replace the standard DTM and Chang’s algorithm. The new scheme obtained from DT’s polynomials 

yields an analytical solution in the form of a rapidly convergent series. On the other hand, our method makes the solution 

procedure much more attractive and fascinating. Moreover, the convergence of the method for tested example is 

investigated. 
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